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Abstract
Many wave propagation problems (acoustic, electromagnetic,
elastodynamic) require the truncation of infinite domains,
in order to be able to use finite meshes for numerical simu-
lations. In the past, many custom made boundary conditions
have been proposed for this purpose, however, all these ap-
peared to be very problem specific. In 1994 Berenger [1] pro-
posed the use of Perfectly Matched Layers (PMLs) for solving
electromagnetic problems simulated with finite difference time
domain (FDTD) methods. In 1996 Chew and Jin [2] proved
that, for this case, second order polynomials are optimal, and
suggested that these results also were to be expected for finite
element methods (FEM). This work confirms this hypothesis
through experiments in which the PMLs are optimized using
adjoined techniques. The simulation tools FEniCS and dolfin-
adjoint were indispensable for this work.
Consider the electromagnetic problem:
∂t ~B = −∇× ~E − Σ2 ~B + φ
ε∂t ~E = ∇× ν ~B − εΣ2 ~E + ψ
∂tφ = −∇×
(
Σ1 ~E
)
− Σ2 ~B
∂tψ = ∇×
(
νΣ1 ~B
)
− εΣ2 ~E
,
with the electric field strength ~E, the magnetic flux density ~B,
auxiliary field ψ and φ, the permittivity ε, the reluctivity ν and
conductivities
Σ = Σ1 =
σx(x) 0 00 σy(y) 0
0 0 σz(z)
 ,Σ2 =
σy(y) + σz(z) 0 00 σx(x) + σz(z) 0
0 0 σx(x) + σy(y)
 ,
Σ2 =
σy(y)σz(z) 0 00 σx(x)σz(z) 0
0 0 σx(x)σy(y)
 .
The objective
An optimal PML causes minimal reflection (both at the interface and the boundary) and has
minimal thickness. Since it is not straightforward to include both objectives in one objective func-
tional, we focus on the minimization of reflection. For this, we insert a pulse in the domain, which
should be vanished completely in the case of a perfect PML at the end of a cleverly chosen time
interval. Hence, we aim to minimize the total energy in the system at the final time step.
1D problem and results
Figure 1: Gaussian pulse, inserted at the left
hand side border, travelling in one direction, hit-
ting the PML, on the right hand side, perpendic-
ularly.
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Figure 2: Profile of piecewise constant absorp-
tion functions with a different number of one-cell
layers. Starting from 6 layers, we reach the opti-
mal energy reduction of over 80 dB.
1D Conclusions
•Quadratic absorption functions perform as good as higher order polynomials.
• Polynomial and piecewise constant absorption functions perform equally well.
• The initial values for the optimization have limited influence on the obtained reduction of energy.
• The number of cells per layer of a piecewise constant absorption function has limited influence
on the obtained reduction of energy. It is preferable to use more layers with fewer cells than
fewer layers with more cells.
•Optimal reduction of energy (80 - 90 dB) was obtained already with five one-cell layers.
•Non-monotonic functions appear to result in higher reductions than monotonic rising functions.
2D problems
Region of interest
Reflecting boundary
R
efl
ec
ti
n
g
b
ou
n
d
ar
y
Reflecting boundary
R
efl
ectin
g
b
ou
n
d
ary
Absorbing layer
A
b
so
rb
in
g
la
ye
r
Absorbing layer
A
b
sorb
in
g
layer
Figure 3: Concept drawing of PMLs.
Figure 4: Gaussian pulse, inserted at the bottom
and left border, travelling in radial direction, hit-
ting the PMLs, at the top and right hand side of
the domain, obliquely.
Figure 5: Gaussian pulse, inserted at the
bottom border, travelling in radial direction,
hitting the curved PML perpendicularly.
Figure 6: Gaussian pulse, inserted at the
bottom border, travelling in radial direction,
hitting the curved PML obliquely.
2D Conclusions
•Optimal reduction of energy (20- 30 dB) in 2D a lot lower than in 1D.
•Optimal reduction of energy also reached with five-cell PMLs.
• Similar optimal reduction of energy is obtained for perpendicular and oblique incidence angles.
• The higher order terms in the PML overlap regions cause trouble.
2D Challenges
•Obtain higher reduction (finer meshes, higher order elements).
•Handle overlap regions correctly.
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